Abstract. We discuss earlier unsuccessful attempts to formulate a positive gravitational energy proof in terms of the New Variables of Ashtekar. We also point out the difficulties of a Witten spinor type proof. We then use the special orthonormal frame gauge conditions to obtain a locally positive expression for the New Variables Hamiltonian and thereby a "localization" of gravitational energy as well as a positive energy proof. §
Introduction
A promising development in gravity research has been the discovery (Ashtekar 1987 ) of certain complex New Variables which transform the initial value constraints of Einstein's theory into a rather nice form. There is hope that these variables may truly capture the real physics of the theory. Consequently, considerable effort has been and is being devoted to developing and exploring applications and features of these New Variables (Ashtekar 1988 (Ashtekar , 1991 Rovelli 1991 ).
An essential fundamental property of any theory of gravity is that the total energy (for solutions with a suitable asymptotic region) must be positive. It is thus appropriate to examine this issue in the light of the New Variables. Of course, there is no doubt that the New Variables reformulation does satisfy this requirement. Since, when certain reality and non-degeneracy conditions are imposed, the New Variables formulation is essentially equivalent to that in terms of the standard variables; hence we can appeal to any of the existing positive energy proofs for Einstein's theory.
However, a proof of positive energy directly in terms of the new variables (not just a transcription of a known proof) is very desirable. Indeed, if such were not possible it would detract from the prestige of this formulation. Moreover, for a truly good set of variables for the gravitational field one might hope for a mathematically natural and physically reasonable quasi-localization of gravitational energy.
Ashtekar's New Variables
Our conventions are summarized in the appendix ; generally we follow Ashtekar (1988 Ashtekar ( , 1991 . The theory can be obtained from the self dual action
where
and
are the self-dual parts of the curvature and connection forms, and Ω
The gravitational Hamiltonian in terms of Ashtekar's New Variables has the form 4) where ∼ N is a density of weight −1 , representing the lapse, N a is the shift vector and
are the Hamiltonian, momentum and Gauss constraint respectively, with E a i the densitized triad and
is the complex connection. It is sometimes more convenient to use
One advantage of this formulation is that the constraints are simpler, in fact they are low order polynomials in the variables. If we impose suitable reality conditions this formulation is equivalent to the standard formulation as long as the triad is non-degenerate.
Positive energy
A fundamental requirement for any gravitation theory is that gravity be attractive. Technically, all solutions (with realistic sources and suitable asymptotic regions) should have positive total energy. The proper definition of total energy at time t 0 for a solution is just the value of the Hamiltonian at that time. The Hamiltonian is an integral over the spatial hypersurface, t = t 0 , of a suitable Hamiltonian density. Thus the Hamiltonian density can serve as an energy density. Hence for a positive energy proof (and more, a localization of gravitational energy ), we can attempt to "diagonalize" the Hamiltonian density, representing it as a quadratic expression and try to suppress the negative definite part.
In the particular case we are concerned with here, Ashtekar's New Variables formulation, the variables are complex and so is the Hamiltonian. We want to make the real part of the Hamiltonian positive, to achieve this we naturally expect that it will be necessary to use the reality conditions.
Moreover, we will freely use the non-degeneracy conditions. We know of no theoretical principle which would require positivity in the degenerate sector. Hence we were not surprised to learn that there is an explicitly constructed negative total energy solution with a degenerate metric (Varadarajan 1991 ).
Although we think it might be revealing to do so, in this work we make no attempt to minimize our use of non-degeneracy, the reality conditions and vanishing torsion.
Clearly we can revert to the traditional variables and do proofs and localizations. But can we do proofs and localizations directly in terms of the New Variables? We regard this as one desirable quality for "good variables".
Some earlier "proofs"
Given the importance that was attached to positive energy proofs a decade ago as well as the recent resurgence of interest in the quasi-localization of gravitational energy we are surprised that there has been so little done on this topic in connection with the New Variables. A few attempts have been made but in our estimation none have been successful. Ashtekar (1987) credits Joohan Lee with the simple form of the Hamiltonian with N = 1,
(We know of no published derivation, in the appendix we derive a more general expression.) It was noted that this would be a positive energy proof if A ab were symmetric and traceless. However it was soon realized that the antisymmetric part of A ab must be non-vanishing except for the trivial case for which the total energy vanishes (Ashtekar 1988 (Ashtekar , 1991 .
One quite interesting approach has been developed by Mielke (1990 Mielke ( , 1992 . He considered the teleparallel equivalent of Einstein's theory, introducing new complex variables of the Ashtekar type.
In one part of this work he noted the results (4.1) and realized that a positive energy proof using the special orthonormal frame (SOF) gauge conditions should be possible. However, in his analysis it was incorrectly assumed that the SOF gauge (see appendix) guaranteed that certain relations ( eqs (12.3) and (12.4) in Mielke 1992) held. Hence his proof, as he appears to have suspected (one of his papers is entitled "Positive-gravitational-energy proof from complex variables?"), is not correct. In section 7 we shall present the correct application of the SOF gauge to this question. Wallner (1990 Wallner ( , 1992 has presented an insightful reexamination of Ashtekar's New Variables in terms of exterior forms. Among other topics this work claims to include a simple proof of positive total energy. However, the total energy was presumed to be the limiting value of the integral over an increasingly large 2-surface of its extrinsic curvature. Although it is known that there is a relationship between this integral and the total energy, nevertheless, this quantity by itself diverges-even for flat space. After renormalization it is no longer clearly positive. Hence this proof also is not correct.
A Witten spinor type proof ?
It is natural to try to obtain a positive energy proof of the spinor type (Witten 1981) in terms of New Variables especially in view of the important role that Sen connections (Sen 1982 ) have played in both of these developments. Indeed, at first we wondered why a recent work (Mason and Frauendiener 1990 ) covering both of these topics did not include such a proof. The following analysis reveals certain difficulties with such a proof.
We can express the New Variables Hamiltonian for asymptotically flat space in the form:
where G ν µ is the complex Einstein tensor obtained from the self-dual curvature F IJ .
It is easy to verify that the spinor-curvature identity (Nester 1984 )
extends to the covariant differential using the self-dual connection, Dψ := dψ − 1 4
A IJ γ IJ ψ (for spinor conventions see appendix). It is also easy to verify that H(ψ) is a good expression for the New Variables Hamiltonian, one need merely note that (i) up to an exact differential it is the complex Einstein tensor of the self dual connection so it has the desired variational derivatives, and (ii) it is asymptotically of order O(r −4 ) and so its variation has an asymptotically vanishing boundary integral.
The Hamiltonian 3-form H(ψ) is apparently quadratic; next we aim to make it positive definite following the argument which succeeded for the usual variables in Einstein's theory. Choosing a spacelike hypersurface we can decompose H(ψ) with respect to the normal into
In order to make (5.3) locally positive, we can eliminate an apparently negative term by choosing ψ to solve the Witten equation γ a D a ψ = 0. However there remain some formidable obstacles to a positive energy proof: (1) the connection is now complex so that the first term in (5.3b) is not really positive definite, (2) the factor Dγ = γ I Dϑ I , because of the self dual connection, is not simply the torsion and hence no longer vanishes.
Another approach begins from the spinor form of the New Variables Hamiltonian (5.2) and decomposes the self dual covariant differential
where ψ ± := P ± ψ := 1 2 (1 ± iγ 5 )ψ are the chiral projections. Hence a natural approach is to restrict our considerations to chiral spinors, ψ = iγ 5 ψ = ψ + , then the covariant differential using the self dual connection A IJ is just the ordinary covariant differential: Dψ + = Dψ + . Since P ± γ µ = γ µ P ∓ and ψ ± = (ψ) ∓ , the Hamiltonian 3-form (5.2) reduces to the simple expression
Vanishing torsion simplifies the first term to the nice real form 2D(ψ + ) ∧ γ 5 γ ∧ Dψ + , however the second term, although an exact differential, is quite problematical.
Of course we will succeed in getting locally positive expressions if we carefully decompose everything into the usual variables, however it seems that we cannot get a Witten type proof directly in terms of the Ashtekar variables.
A three spinor field proof ?
We next attempt a positive energy proof of the recently found 3-spinor type (Nester and Tung 1993) . The New Variables Hamiltonian (2.4) with vanishing shift and gauge parameter
can be replaced (with N = ϕ † ϕ) by the spatial integral of the 3-form
On the one hand it is easy to establish that this 3-spinor identity holds also for the connection A ij as well as for
up to an exact differential and hence generates the correct equations of motion. On the other hand it is asymptotically of order O(r −4 ) and hence the boundary term in its variation vanishes asymptotically so no additional total differential is needed. The Hamiltonian density H(ϕ) can be decomposed as follows:
We may try to eliminate the apparently negative term by the Witten like equation σ a D a ϕ = 0 however we find the same difficulties as mentioned in connection with the 4-spinors: (1) the connection is complex so that the first term in (6.3) is not positive definite, in fact decomposing this term reveals that it contains the kinetic energy term K ab K ab of the ADM Hamiltonian with an incorrect negative sign! (2) the factor Dσ = σ i Dθ i which, because of the self dual connection, is not simply the torsion and hence does not vanish. Explicitly the covariant differential D in the self-dual connection A is (6.4) and
Consequently the quadratic in Dϕ terms in the Hamiltonian (6.3) further decompose as
By imposing a 3-dimensional Dirac equation on ϕ σ a ∇ a ϕ = 0, (6.7)
we obtain Thus if we decompose everything into the usual variables, we get 6.10) so this type of argument will work but again it seems that we cannot get a spinor type proof directly in terms of the Ashtekar variables.
A special orthonormal frames proof
In this section we present a positive energy proof and gravitational energy localization using Ashtekar's New Variables and the special orthonormal frame rotational gauge conditions. The proof and localization are similar to the SOF proof and localization (Nester 1989bc, 1991 for the usual formulation.
The New Variables Hamiltonian (2.4) (with vanishing shift vector N a ) is given by:
Taking the divergence of the boundary term, using the vanishing torsion and reality conditions (see appendix for explicit calculation) gives
2) a generalization of (4.1).
Clearly we should consider the symmetric and antisymmetric parts of A ab separately. Introducing the vector
A ak the Hamiltonian density of (7.2) takes the form
Since torsion vanishing implies that K ij is symmetric we find, from (2.9), that
Hence, in the special orthonormal frame rotational gauge (see appendix and Nester 1989a) A b = 4∂ b ln Φ, consequently the Hamiltonian density (7.3) takes the (already real) form
It is worth remarking that this expression is good for compact spatial surfaces as well as for the asymptotically flat spatial surfaces which are of interest to us here as they permit a definition of total energy.
Many choices of the lapse N will yield a locally positive Hamiltonian density and thus a positive energy proof. A particularly good choice for the lapse in eq (7.4) is N = Φ which leads to the following expression for the gravitational energy density 
Discussion
Admitting a positive energy proof is a desirable property for a good set of variables. We have discussed some earlier unsuccessful attempts at a positive energy proof in terms of Ashtekar's New
Variables. We have also pointed out the difficulties of a Witten spinor type proof (although we
have not yet given up trying). We were surprised to find this difficulty and this apparent mismatch between these two applications of Sen connections. To us it suggests that either the Witten spinor Beyond this the SOF-New Variables formulation also offers prospects for a quasi-localization of energy. The SOF gauge conditions are elliptic equations. The solution depends upon the choice of boundary values. Concerning the solution on the whole spacelike hypersurface t = t 0 the natural choice is the Cartesian frame at spatial infinity. This leads to the nice localization of the total energy mentioned above. However, the same Hamiltonian and total energy expressions may also be used for a strictly finite region to give a real quasi-localization if they are supplemented by some satisfactory method of choosing the boundary values on a finite surface. 
Converting the boundary integral into a volume integral yields the the Hamiltonian 3-form:
where we have assumed that the torsion dθ k + ω k l ∧ θ l vanishes. Hence the New Variables Hamiltonian density is
where A ab := A ak E b k and A := A ai E ai , likewise Γ ab and Γ. Using the reality condition 2Γ ab = A ab + A ab leads to eq (7.2).
(III) Special orthonormal frames
For 3-dimensions the rotational state of a frame field is specified by a function and a covector field. In terms of the connection coefficients these quantities are Γ and Γ b := −E a i Γ a ij E bj . The rotational gauge conditions (for existence and uniqueness for this elliptic system see Dimakis and
Müller-Hoissen 1989) Γ = constant, Γ a = gradient (A5) select a special orthonormal frame. For asymptotically flat spaces the frame should be Cartesian at infinity, consequently Γ must vanish at spatial infinity and hence everywhere. This leads to the additional bonus that the gauge conditions are conformally invariant for asymptotically flat spaces.
The gradient condition on Γ a determines a special function, the choice Γ a = 4∂ a ln Φ is convenient.
